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A well known cryptographic primitive is so called random access code. Namely, Alice is to send
to Bob one of two bits, so that Bob has the choice which bit he wants to learn about. However at
any time Alice should not learn Bob’s choice, and Bob should learn only the bit of his choice. The
task is impossible to accomplish by means of either classical or quantum communication. On the
other hand, a concept of correlations stronger than quantum ones, exhibited by so called Popescu-
Rohrlich box, was introduced and widely studied. In particular, it is known that Popescu-Rohrlich
box enables simulation of the random access code with the support of one bit of communication.
Here, we propose a quantum analogue of this phenomenon. Namely, we define an analogue of a
random access code, where instead of classical bits, one encodes qubits. We provide a quantum
non-signaling box that if supported with two classical bits, allows to simulate a quantum version
of random access code. We point out that two bits are necessary. We also show that a quantum
random access code cannot be fully quantum: when Bob inputs superposition of two choices, the
output will be in a mixed state rather than in a superposition of required states.
PACS numbers:
I. INTRODUCTION
In recent years, we faced rapidly growing interest in
analysing systems that obey the constraints of impossibil-
ity of instant transmission of messages. The constraints,
called non-signaling, are satisfied by quantum mechan-
ics, hence any limitations they pose are also present in
quantum mechanics. However, in so-called non-signaling
theories, there are objects that exhibit behaviour forbid-
den by quantum mechanics. One of the basic blocks of
non-signaling theories is the so called Popescu-Rohrlich
box (PR-box) [1] – a device that possesses much stronger
correlations than those allowed by quantum mechanics.
It has a remarkable property of being able to simulate a
random access code (RAC) with the support of only one
bit of communication [2].
Suppose that Alice wants to send to Bob one of two
bits, so that Bob has the choice which bit he wants to
learn about. Suppose further that the following condi-
tions are met: first, when Bob gets perfect knowledge
about bit, he must have no knowledge about the other
bit, second, no communication from Bob to Alice is al-
lowed, i.e., Bob should not tell Alice which bit he wants
to learn, as well as after the execution of the protocol
Alice should still not know which bit he learned.
Such a scenario is called random access code [4]. This
task is impossible, when Alice and Bob share either clas-
sical or quantum states. However, if Alice and Bob share
the PR-box, they can implement it by sending just one
bit. This peculiar feature was used to formulate the prin-
ciple of information causality [2]. In this context in [3]
the notion of a racbox was introduced. It is a box which
can implement a random access code with the support of
one bit of communication. It was shown that any non-
singaling racbox is equivalent to PR-box.
A natural question is whether one can have a quan-
tum analogue of this phenomenon. Namely, we consider
quantum random access code, where Alice has two qubits,
and Bob wants to learn about the qubit of his choice.
Again, communication from Bob to Alice is not allowed,
and Bob should not learn about the other qubit. Let us
emphasize that this is a different concept from quantum
random access code introduced in [4] and further consid-
ered in [5] where qubits are used to simulate the standard
random access code – the one with classical inputs and
outputs – by encoding input classical bits into the quan-
tum system, and then decoding the chosen classical bit
by measurement. In our case, both inputs and outputs
of the quantum random access code are quantum states.
One can now ask, whether such functionality can be
achieved by means of a quantum non-signaling box, [6]
i.e., the non-signaling box that accepts qubits as inputs.
Such a box can be viewed as a quantum channel, with two
inputs and two outputs, with property, that the statistics
of the output at one site do not depend on the input at
the other site. In this paper, we propose a quantum non-
signaling box which, if supported by two bits of classical
communication, implements the above quantum version
of RAC. The box is built out of two PR-boxes and two
maximally entangled quantum states. We also prove that
two bits of communication are necessary, by using anal-
ogy with quantum teleportation. We then show, that no
quantum non-signaling box can give rise to a fully quan-
tum RAC. Namely, if Bob inputs superposition of deci-
sions on which qubit he wants to learn about, the output
must be a mixture of states of Alice’s qubits rather than
superposition. This resembles the question of whether
quantum computer can be fully quantum asked in [7],
where the superposition of halt times was impossible.
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2II. RANDOM ACCESS CODE AND “RACBOX”
In this section we describe the standard random ac-
cess code, and a closely related object called “racbox”.
Namely, suppose that Alice has two bits x0 and x1, and
Bob wants to learn one of them. We want Bob to have a
choice, which bit he would like to learn, but if he learns
one of the bits, then the other should be lost. Moreover
at any time Alice cannot know Bob’s choice. As already
mentioned in introduction, such a task is called random
access code.
There does not exist classical or quantum communica-
tion protocol, that can perform this task, which is easy
to see at least in classical case. Indeed, the only thing
Alice can do, so that Bob can read the bit of his choice,
is to send both bits. But in such case the condition that
he should not learn the other bit is not met. Let us also
note, that if we weaken the definition of random access
code and will not assume, that Bob cannot learn two bits,
then such a weaker version of random access code needs
two bits of classical communication.
The situation changes if Alice and Bob share so called
PR-box. PR-box is a bipartite device shared by two
distant parties Alice and Bob. Each of the parties can
choose one of two inputs: Alice x = 0, 1 and Bob y = 0, 1.
The parties have two binary outputs a, b. The box
is defined by a family of joint probability distributions
p(ab|xy) which satisfy
p(ab|xy) =
{
1
2 for a⊕ b = xy,
0 else.
(1)
The PR box can be interpreted in two ways. On one hand
it can be considered as a “super-quantum” resource, as
it allows for correlations, that cannot be obtained from
measuring bipartite quantum state. On the other hand,
it can be treated as a classical channel, with two remote
inputs and two remote outputs. The channel has a spe-
cial property: its implementation requires 1 bit of com-
munication, but if it works as a “black box” - i.e. if the
parties can only use the box through the inputs and out-
puts, it cannot be used for communication - we say it is
non-signaling. Now, in [8] it is shown, that if Alice and
Bob share a PR box, they can implement random access
code by means of just one bit of communication. In [3] a
converse question was answered: Namely, an object was
defined called racbox. It is a box that implements RAC
if supported by one bit of communication from Alice to
Bob (see Fig. 1). It was then shown that a non-sinaling
racbox is equivalent to PR box.
III. QRAC-BOX
In this section we define non-signaling quantum ran-
dom access code box (QRAC-box, cf. [3]), which per-
forms a quantum version of random access code if sup-
plemented with 2 bits of communication. QRAC-box is
racbox
𝑎0 𝑎1
𝐵𝑎𝑏
𝑎
𝑤 𝑏
FIG. 1: Racbox. Alice has two binary inputs a0 and a1,
and binary output a. Bob has two binary inputs b, w
and binary output Bab. When b = a Bob’s output is
equal to aw, i.e. it depends on Bob’s input w. Hence, if
Alice sends her output to Bob, he can read Alice’s bit of
his choice.
QRAC-box
Ψ𝐴′ Φ𝐴′′
𝜌𝐵
𝑎𝑏𝑎
𝜔𝑅 𝑏
FIG. 2: QRAC-box. Alice has two qubit inputs ΨA′
and ΦA′′ , and two-bit classical output a. Bob has one
qubit input ωR, two-bit classical input b, and qubit
output ρabB . When b = a then depending on Bob’s input
ωR his output ρ
ab
B is equal to ΨA′ or ΦA′′ .
a bipartite device shared by Alice and Bob. Alice has a
two-qubit input and a two-bit classical output (later we
show that this is the smallest possible size of Alice’s clas-
sical output. Bob has two inputs: a one-qubit input and
a two-bit classical input. He also has a one-qubit output
(see Fig. 2).
We assume that the device obeys quantum mechanical
laws, i.e., it is trace preserving completely positive map.
We further assume that device cannot signal from one
party to the other party, i.e., one party’s output cannot
depend on the other party’s input. Now, such a device
will be called QRAC-box, if it possesses the following
3QRAC-box
Ψ𝐴′ Φ𝐴′′
𝜌𝐵
𝑎
QRAC
Ψ𝐴′ Φ𝐴′′
𝜌𝐵
𝑏 𝑎
𝜔𝑅
=
𝜔𝑅
FIG. 3: The channel QRAC resulting from feeding
Alice’s classical output to Bob’s classical input of
QRAC-box.
property. Suppose that Alice inputs the first qubit in a
state |Ψ〉A′ and the second qubit in a state |Φ〉A′′ . She
then obtains a as her output. When Bob’s classical input
b is equal to Alice’s classical output a and his input qubit
is in a state |0〉R then we require that he obtains a state
|Ψ〉B as his output. On the other hand, when Bob’s input
b is equal to Alice’s output a and his input qubit is in a
state |1〉R, then we require that he obtains a state |Φ〉B
as his output. As a result, if Alice sends her output to
Bob, then Bob can obtain Alice’s qubit of his choice, by
simply inputing b = a.
Let us note, that from the fact that device is non-
signaling, i.e., in particular, Alice’s output does not de-
pend on Bob’s input, the above definition of QRAC-box
is consistent, i.e., the classical output of Alice can be fed
as Bob’s input without causing a contradiction. If, on
the contrary, the output of Alice would depend on input
of Bob, then it might happen that whenever Bob wants
to input b = a, then this changed output of Alice, so that
it were no longer a and we would obtain a contradiction,
i.e., Bob would not be able to input Alice’s output.
Finally, let us note, that the above properties of
QRAC-box imply, that the box obtained from feeding
Alice’s classical input as Bob’s classical input is a quan-
tum channel too (which may not be no-signaling any-
more) with three inputs, and one output, see Fig. 3. We
shall call the channel QRAC. It is a sum of subchan-
nels (which are completely positive trace non-increasing
maps) labeled by Alice’s outputs
Λ =
∑
a
Λa. (2)
where by Λ we denote the channel representing QRAC.
As mentioned above, we assumed that QRAC-box
obeys the laws of quantum mechanics, i.e., it is a quan-
tum channel (with several inputs and outputs) of some
particular features. A possible way to implement such
a channel in lab is to send inputs from Alice and Bob
to a joint place, perform the quantum operation, e.g., by
means of a circuit composed of quantum gates (nowadays
more and more complicated circuits are possible to im-
plement in labs), and resend the outputs of the channel
back to Alice and Bob. In such a scenario, to imple-
ment the channel, quantum communication is required.
However, from the point of view of Alice and Bob, our
channel is a black box. Hence, it cannot be used to sig-
nal from Alice to Bob and vice versa. Thus the situation
is analogous to the case of the PR box - the latter is a
classical channel, and one can implement it by means of
classical communication, yet considered as a black box,
it cannot be used itself to perform communication.
One can also consider another way of implementing
such channels through pre- and post-selection as pro-
posed in [9] and realised experimentally in [10]. The two
ways, are strictly connected. Since the channel requires
communication to implement it, if one wants to imple-
ment it without communication, one needs to consider
some pre- or post-selection (which is a hidden form of
communication).
IV. SUPERPOSITION
Let us suppose that instead of preparing his qubit in a
state |0〉R or |1〉R and decoding the first or the second of
Alice’s qubits Bob prepares his qubit in a state |ω〉R =
α|0〉R + β|1〉R. What will his output state be when his
classical input is equal to Alice’s output? Will he obtain a
superposition of states |Ψ〉B and |Φ〉B? Below we answer
these questions.
First we will show that the channel QRAC defined in
the previous section produces a mixture of those states,
rather than superposition. Then we will argue, that each
of subchannels Λa also produces such a mixture (now
subnormalized).
Consider then Λ of Eq. 2. We extend this trace pre-
serving completely positive map to unitary operation U
acting on a system and environment. Let us check how
it acts when Bob prepares his qubit in a state |0〉R and
|1〉R and his input b is equal to Alice’s output a. We have
U(|Ψ〉A′ ⊗ |Φ〉A′′ ⊗ |0〉R ⊗ |χ〉E) = |Ψ〉B ⊗ |χ(0)〉A′′RE
U(|Ψ〉A′ | ⊗ |Φ〉A′′ ⊗ |1〉R ⊗ |χ〉E) = |Φ〉B ⊗ |χ(1)〉A′′RE(3)
where we renamed Alice’s first input register as Bob’s
output register, |χ〉E is the initial state of the envi-
ronment while |χ(0)〉A′′RE and |χ(1)〉A′′RE are the fi-
nal states of Alice’s second register, Bob’s input reg-
ister R and environment. Let us note that the states
|Ψ〉A′⊗|Φ〉A′′⊗|0〉R⊗|χ〉E and |Ψ〉A′⊗|Φ〉A′′⊗|1〉R⊗|χ〉E
are orthogonal. Hence either |Ψ〉B is orthogonal to |Φ〉B ,
or |χ(0)〉A′′RE is orthogonal to |χ(1)〉A′′RE . Since for all
|Ψ〉B non-orthogonal to |Φ〉B , the state |χ(0)〉A′′RE is or-
thogonal to |χ(1)〉A′′RE , then by continuity for |Ψ〉B or-
thogonal to |Φ〉B the state |χ(0)〉A′′RE has to be orthogo-
nal to |χ(1)〉A′′RE as well. When Bob prepares his qubit
in a state α|0〉R + β|1〉R then by linearity we have
U |Ψ〉A′ ⊗ |Φ〉A′′ ⊗ (a|0〉R + b|1〉R)⊗ |χ〉E =
α|Ψ〉B ⊗ |χ(0)〉A′′RE + β|Φ〉B ⊗ |χ(1)〉A′′RE . (4)
4Tracing out Alice’s second register, Bob’s input regis-
ter and environment and using orthogonality of states
|χ(0)〉A′′RE and |χ(1)〉A′′RE we obtain that Bob’s output
state is
ρB = |α|2|Ψ〉〈Ψ|B + |β|2|Φ〉〈Φ|B . (5)
We see that Bob obtains a mixture rather than a super-
position of states |Ψ〉B and |Φ〉B .
Now, consider the subchannels Λa, and suppose, by
contradiction, that some of them produces a state which
is not equal to such mixture. Let us denote outputs by
ρaB . One then easily sees, that there exist unitaries Ua
such that∑
a
Uaρ
a
BU
†
a 6= |α|2|Ψ〉〈Ψ|B + |β|2|Φ〉〈Φ|B (6)
Thus, we consider QRAC-box with the above subchan-
nels Λa, and we will construct a new QRAC-box as fol-
lows: Bob while inputting b will apply transformation
Ub to his output. One checks that it defines a valid
QRAC-box, resulting in subchannels Λ′a = UˆaΛa, where
Uˆa(·) = Ua(·)U†a . Therefore, due to (6) the resulting
QRAC given by Λ′ =
∑
a Λ
′
a will produce a state which
is not a mixture (5). However this contradicts to our first
result, that QRAC resulting from arbitrary QRAC-box,
necessarily produces mixture (5).
V. COMMUNICATION COST
Let us now find lower bound for minimal amount of
classical information which Alice has to send to Bob so
that he can retrieve Alice’s qubit of his choice. In the
next section we present a box which achieves this bound.
Let us assume that Bob prepares his input qubit in a
state |0〉R and tries to obtain Alice’s first qubit (simi-
lar analysis applies when Bob prepares his input qubit
in a state |1〉R and tries to obtain Alice’s second qubit).
We know from the previous section that there is no need
to consider the case when Bob prepares his qubit in a
state α|0〉R + β|1〉R as he can simply measure it and de-
pending on a result of the measurement input a state
|0〉R or |1〉R. In the case when Bob prepares his input
qubit in a state |0〉R QRAC-box acts just like quantum
teleportation. Indeed, if Alice sends her classical output
to Bob and Bob uses it as his classical input, then he
obtains Alice’s first qubit. Now, since we require that
QRAC-box is non-signaling, we just need to argue, that
if Alice and Bob have non-signaling resources, then they
need at least two bits to perform teleportation. However,
this was already proven in [11]. Namely it is argued that
by combining quantum teleportation with dense coding,
one would obtain instantaneous communication, thereby
violating causality.
BM 𝑈𝐵
PR-box
Ψ𝐴′
𝑎1
′ , 𝑎0
′ 𝜌𝐵
𝑏
BM 𝑈𝐵
Φ𝐴′
𝑎0
′ ⊕𝑎0
′′
𝜌𝐵
𝑏
𝐴0
𝑏0
𝐵0
PR-box
𝑎1
′ ⊕𝑎1
′′
𝐴1
𝑏1
𝐵1
|Φ+〉
𝑎1
′′ , 𝑎0
′′
|Φ+〉
FIG. 4: Implementation of QRAC-box with
entanglement and PR-boxes. Alice and Bob share two
maximally entangled pairs and two PR-boxes. Alice
performs two Bell measurements (BM) – the first one
on her first input qubit and her qubit from the first
maximally entangled pair, and the second one on her
second input qubit and her qubit from the second
maximally entangled pair. Results of the measurements
are represented by two two-bit strings – a′1a
′
0 in the case
of the first measurement and a′′1a
′′
0 in the case of the
second measurement. She inputs a′0 ⊕ a′′0 into the first
PR-box and a′1 ⊕ a′′1 into the second PR-box and
obtains outputs A0 and A1 respectively. Alice’s classical
two-bit output a = a1a0 (see Fig. 2) is given by
a0 = a
′
0 ⊕A0 and a1 = a′′0 ⊕A1. If Bob wants to obtain
the first (second) Alice’s qubit he inputs 0 (1) into both
PR-boxes and obtains outputs B0 and B1. Then he
applies one of four unitary operations (UB) to his qubit
from the first (second) maximally entangled pair and
discards the other qubit. The choice of unitary
operation depends on B0 ⊕ a0 and B1 ⊕ a1.
VI. IMPLEMENTATION OF QRAC-BOX WITH
ENTANGLEMENT AND PR-BOXES
We show how one can simulate QRAC-box with two
maximally entangled pairs and two PR-boxes. The pro-
tocol is based on quantum teleportation and implemen-
tation of classical RAC with PR-boxes (see Fig. 4). Let
us suppose that Alice and Bob apart from qubits which
they input into the box share two pairs of qubits and
two PR-boxes. Each pair of qubits is in the maximally
entangled state
|Φ+〉AB = 1√
2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) (7)
PR-box has two inputs and two outputs – one input and
output is on Alice’s side and one input and output is on
Bob’s side. When Alice and Bob input a and b into the
box they obtain outputs A and B with probability
p(AB|ab) = 12 if A⊕B = ab
p(AB|ab) = 0 otherwise (8)
5In order to implement QRAC Alice performs measure-
ment in the Bell basis
X
a′0
A′Z
a′1
A |Φ+〉A′A (a′0, a′1 ∈ {0, 1}) (9)
on the first qubit |Ψ〉A′ and her qubit from the first maxi-
mally entangled pair and obtains two-bit result a′1a
′
0. Af-
ter the measurement Bob’s qubit from the first maximally
entangled pair is in the state X
a′0
B Z
a′1
B |Ψ〉B . Similarly, Al-
ice performs measurement in the Bell basis on the second
qubit |Φ〉A′and her qubit from the second maximally en-
tangled pair and obtains two-bit result a′′1a
′′
0 . Now Alice
inputs a′0 ⊕ a′′0 into the first PR-box, and a′1 ⊕ a′′1 into
the second PR-box and obtains outputs A0 and A1. Al-
ice’s output bits of the QRAC-box will be a0 = a
′
0 ⊕ A0
and a1 = a
′
1 ⊕ A1. Next Alice sends two-bit message
a1a0 to Bob. If Bob wants to obtain Alice’s first qubit
(corresponding to the state of his qubit input |0〉R) he
inputs 0 both into the first PR-box and into the second
PR-box. He obtains outputs B0 and B1 respectively. He
then calculates b0 = a0 ⊕ B0 = a′0 ⊕ A0 ⊕ B0 = a′0 and
b1 = a1 ⊕ B1 = a′1 ⊕ A1 ⊕ B1 = a′1. The last equal-
ity in each expression follows from Eq. 8. Finally he
applies unitary operation Zb1B X
b0
B to his qubit from the
first maximally entangled pair. If Bob wants to obtain
Alice’s second qubit (corresponding to state of his qubit
input |1〉R) he inputs 1 into both the first PR-box and
the second PR-box, obtains outputs B0 and B1, calcu-
lates b0 and b1 (now b0 = a
′
0⊕A0⊕B0 = a′0⊕a′0⊕a′′0 = a′′0
and b1 = a
′
1 ⊕A1 ⊕B1 = a′1 ⊕ a′1 ⊕ a′′1 = a′′1) and applies
unitary operation Zb1B X
b0
B to his qubit from the second
maximally entangled pair. After application of unitary
operation the qubit will be in a state equal to the ini-
tial state of the first (second) of Alice’s qubits. Bob also
discards his qubit from the second (first) maximally en-
tangled pair. In a general case when Bob prepared his
qubit input in a state α|0〉R + β|1〉R he first performs
a measurement on it in computational basis and then
conditioned on the result of the measurement he decodes
one of Alice’s qubits. Let us note, that the constructed
box is non-signaling, since it is obtained by local oper-
ations on non-signaling resources such as PR boxes and
maximally entangled states. Also our construction sat-
isfies the condition that given Bob’s classical input and
Alice’s classical output the transformation from Alice’s
input quantum state to Bob’s output quantum state is
a trace preserving completely positive map. Indeed, the
transformation results from some local quantum opera-
tions and classical communication – where communica-
tion is used to implement PR boxes.
We also note, that by applying dense coding, we can
change the proposed QRAC-box into one that operates
solely with qubits, i.e., instead of Alice’s two-bit output,
and Bob’s two-bit output, they will have 1 qubit output
and input, respectively. In more detail, our ”qubit-only”
QRAC-box will consist of the original QRAC-box, sup-
plemented by maximally entangled pair. The two bits of
outputs will be sent by means of this pair. Note that the
pair will be treated as a part of the qubit-only QRAC-
box, and will not be seen by users of the box, who will
only see inputs and outputs, now all of them quantum.
Thus, we obtain that a quantum random access code can
be performed by use of a quantum non-signaling box sup-
plemented by one qubit of communication.
VII. SUMMARY
We introduced a non-signaling quantum random ac-
cess code box – a device which enables Bob to obtain
one of two of Alice’s qubits when Alice sends Bob two
bits of classical information. It is important that Bob
can choose which qubit he wants to obtain. We investi-
gated properties of such a box and showed that two bits
is minimum amount of classical information which Alice
has to send to Bob, i.e., if there was less communication,
the box must be signaling. We also showed how the box
can be implemented with entanglement and PR-boxes.
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